Despite the importance of separation of variables as a means for solving partial differential equations, no comprehensive study of separability conditions seems to have been made. We limit investigation to the Helmholtz equation (1) V2<b + (k)2<b = 0 and the Laplace equation and Mn is the cofactor of i>,i.
Proof. The Helmholtz equation may be written
?i2ti duAga du*
Evidently [2] a necessary condition for separation is
Substitute Equation (7) in Equation (6) and differentiate with respect to the separation constants «i = (A)2, a2, a3, ■ ■ ■ , an. Then we obtain a set of n simultaneous algebraic equations, Combination of Equations (7) and (9) gives the conditions of Theorem I.
To show that these conditions are sufficient as well as necessary [3; 4] , we substitute Equation (5) into Equation (6) and find that separation is always effected, with the separated equations and we have the lighter restrictions of Equation (11) as compared with those of Equation (5). As in the previous proof, the conditions are both necessary and sufficient, and the separated equations are again given by Equation (10).
Theorem III. The necessary and sufficient conditions for R-separability of the Helmholtz equation, in Riemannian n-space with an orthogonal coordinate system and <¡>=<j>(u1, u2, • • ■ , un), are
where A is a constant and R (u, u2, ■ ■ ■ , u") is determined by (i3) §y = [ n/-<Mi)] w2-Proof. Substitution of Equation (4) into Equation (6) gives
If terms in dR/du{ are to be separated from those in dU*/du, it is necessary that (15) -= (R)2fiFi. 3. Euclidean 3-space. Separability conditions in euclidean 3-space are obtained directly from the theorems of § §1 and 2. In a number of special cases, however, the requirements are so greatly simplified that they should be mentioned.
In any orthogonal cylindrical coordinate system in 3-space, with gu=g22, the Stäckel matrix may be written The following theorems are obvious consequences of § §1 and 2:
Theorem IX. The Helmholtz and Laplace equations are never Rseparable in any orthogonal cylindrical coordinate system in euclidean 3-space.
Theorem X. The necessary and sufficient condition for simple separability of the Helmholtz or the Laplace equation, in euclidean 3-space with an orthogonal cylindrical coordinate system, gn=g22, and <f> =4> (ul, u2, u3) , is that the metric coefficient be a separable sum:
Theorem XI. The necessary and sufficient conditions for simple separability of the Helmholtz equation, in euclidean 3-space with an orthogonal rotational coordinate system, gn=g22l and <f>=<j> (ul, u2, u3) , are
Theorem XII. The necessary and sufficient conditions for simple separability of the Laplace equation, in euclidean^ 3-space with an orthogonal rotational coordinate system, gn = g22, and <f>=<(>(u1, u2, u3), are 
